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Introduction 

For a proper morphism of schemes f : X ^ Y with geometrically connected 
fibers and a speciaHzation yi y2 of geometric points of Y, A. Grothendieck 
has defined algebraic fundamental groups irf^ (Xg. ) and a speciaHzation homo- 
morphism 7r"'^(Xj^J ^ tt'^''^ (Xg^). Grothendieck's specialization theorem tells 
that this homomorphism is surjective if / is separable and induces an isomor- 
phism between the prime-to-p quotients if / is smooth (here, p denotes the 
characteristic of j/2, eventually 0), cf. [F, cor. X.2.4, cor. X.3.9]. 
In complex analytic geometry, a smooth and proper morphism is locally a triv- 
ial fibration of real differential manifolds, so that, in particular, all the fibers 
are homeomorphic, and thus have isomorphic (topological) fundamental groups. 

The aim of this paper is to find some analogous result to the specialization 
theorem of Grothendieck in the frame of non archimedean analytic geometry. 
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In this paper, we will concentrate on the case of curves. We will discuss the 
higher dimensional case in |10) . 

What will play the role of the fundamental group in the non archimedean set- 
ting will be the tempered fundamental group of Y. Andre. 

The tempered fundamental group was introduced in [H part III] as a sort of 
non archimedean analog of the topological fundamental group of complex alge- 
braic varieties; its profinite completion coincides with Grothendieck's algebraic 
fundamental group; it has itself many infinite discrete quotients in general. 
Since the analytification (in the sense of V. Berkovich or of rigid geometry) of 
a finite etale covering of a p-adic algebraic variety is not necessarily a topolog- 
ical covering, Andre had to use a slightly larger notion of covering. He defined 
tempered coverings, which are etale coverings in the sense of A.J. de Jong (that 
is to say that locally on the Berkovich topology, it is a direct sum of finite cov- 
erings) such that, after puUing back by some finite etale covering, they become 
topological coverings (for the Berkovich topology) . The tempered fundamental 
group is the prodiscrete group that classifies those tempered coverings. To give 
a more handful description, if one has a sequence of pointed finite Galois con- 
nected coverings {{Si, Si))igN such that the corresponding pointed pro-covering 
of {X,x) is the universal pro-covering of {X,x), and if {S°°,s°°) is a universal 
topological covering of Si, the tempered fundamental group of X can be seen 
as 7rJ'""''(X, x) = lim. Gal{S°° /X). Therefore, to understand the tempered fun- 
damental group of a variety, one has to understand the topological behavior of 
its finite etale coverings. 

In the case of a curve, the topological behavior can be described in terms of the 
graph of a semistable model ([21 ])• More precisely, there is a natural embed- 
ding of the geometric reahzation of the graph of this semistable model into the 
Berkovich space of the curve which is a homotopy equivalence. 

One problem which appears at once in looking for some non archimedean 
analog of Grothendieck's specialization theorems is that there are in general no 
non trivial speciaHzations between distinct points of a non archimedean ana- 
lytic (Berkovich or rigid) space: for example a separated Berkovich space has a 
Hausdorff underlying topological space, so that if there is a cospecialization (for 
the Berkovich topology, the etale topology. . . ) between two geometric points 
of a Berkovich space, the two geometric points must have the same underlying 
point. Thus we will study speciaHzation through a reduction (with good enough 
properties). 

We want to understand how the tempered fundamental group of the geo- 
metric fibers of a smooth family varies. Let us for instance consider a family 
of elliptic curves. The tempered fundamental group of an elli|)tic curve over a 
complete algebraically closed non archimedean closed field is if it has good 
reduction, and Z x Z if it is a Tate curve. In particular, bylooking at a moduli 
space of stable pointed elliptic curves with level structural, the tempered fun- 
damental group (or any reasonable (p')-version) cannot be constant. 
Moreover, if one looks at the moduli space over Tip, and one considers a curve 
El with bad reduction and a curve Eq with generic reduction (hence good re- 

^to avoid stacks. However, the cospecialization homomorphisms we will construct will be 
local for the etale topology of the special fiber of the base. Thus, the fact that the base is a 
Deligne-Mumford stack is not really a problem. 
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duction), there cannot be a morphism tt-^'^'^^^{Eo) — ^ tt^'^'^^^{Ei) which induces 
Grothendieck's speciaUzation on the profinite completion, although the reduc- 
tion point corresponding to Ei specializes to the reduction point corresponding 
to Eq- Therefore there cannot be any reasonable speciaUzation theory. 
On the contrary, if one has two geometric points rji and r]2 of the moduli 
space such that the reduction of iji specializes to the reduction of 772, then 
Ejj-^ has necessarily better reduction than E^j^ and there is some morphism 
^tcmp^^^^-j _^ ^tomp^^^j ^j^^^ induces an isomorphism on the profinite comple- 
tions. Thus we want to look for a cospecialization of the tempered fundamental 
group. 



The topological behavior of a general finite etale covering is too pathological 
to hope to have a simple cospecialization theory without adding a (p') condition 
on the coverings: for example two Mumford curves over some finite extension 
of Qp with isomorphic geometric tempered fundamental group have the same 
metrized graph of the stable reduction. Thus even if two Mumford curves have 
isomorphic stable reduction (and thus the point corresponding to their stable re- 
duction is the same) , they do not have isomorphic tempered fundamental group 
in general. Thus we will only study here finite coverings that are dominated by 
a finite Galois covering whose order is prime to p, where p is the residual char- 
acteristic (which can be 0; such a covering will be called a (p')-finite covering). 
Then, it becomes natural to introduce a (p')-tempered fundamental group which 
classifies tempered coverings that become topological coverings after pullback 
along some (p')-finite covering. It should be remarked that this (p')-tempered 
fundamental group cannot be in general recovered from the tempered funda- 
mental group. 

The (p')-tempered fundamental group of a curve was already studied by S. 
Mochizuki in [11]. It can be described in terms of a graph of profinite groups. 
From this description, one easily sees that the isomorphism class of the {p')- 
tempered fundamental group of a p-adic curve depends only of the stratum of 
the Knudsen stratification of the moduH space of stable curves in which the 
stable reduction Hes. Moreover if one has two strata xi and X2 in the moduli 
space of stable curves such that xi is in the closure of X2, one can easily con- 
struct morphisms from the graph of groups corresponding to xi to the graph 
of groups corresponding to X2 (inducing morphisms of tempered fundamental 
groups which induce isomorphisms of the pro-(p') completions). 



We shall study the following situation. Let if be a discretely valued field. Ok 
be its valuation ring, k be its residue field and p its characteristics (which can 
be 0). Let X be a proper semistable pointed curve over Ok smooth over K and 
let U C he the complementary of the marked points. Let us describe the 
tempered fundamental group of in terms of Xg 

Let us make sure at first that we can get such a description for the pro-(p') com- 
pletion, i.e. the algebraic fundamental group ([9]). One cannot apply directly 
Grothendieck's specialization theorems (even if C/ = X^) since the special fiber 
is not smooth but only semistable. Indeed, a pro-(p') geometric covering of the 
generic fiber will in generally only induce a Kummer covering on the special 
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fiber. These are naturally described in terms of log geometry, more precisely in 
terms of ket coverings of a log scheme. One can endow X (and thus too 
by restriction) with a natural log structure such that the pro-(p') fundamental 
group of U is isomorphic to a pro-(p') log fundamental group (as defined in [6]) 
of Xg. One then gets a description of Trf^{Xfj) by taking the projective limit 
under tame coverings of K, or equivalently under ket coverings of s endowed 
with its natural log structure: there is an equivalence between finite coverings 
of Ufj and "geometric ket coverings" of Xg. 

A ket covering of X wih still be a semistable model of its generic fiber if one 
replaces K by some tame extension. Thus, one can describe the topology of 
the corresponding covering of in terms of the graph of the corresponding 
geometric ket covering of Xg. 

Let us now come back to cospecialization. Let X ^ y be a semistable curve 
over Ok with X ^ Y endowed with compatible log structure. 
If fji (resp. 772) is a (Berkovich) geometric point of Itr C Yk (the locus where 
the log structure is trivial), let si (resp. 772) be its log reduction in Ys (to be 
sure that this reduction exists we thus have to assume Y to be proper over Ok', 
otherwise, we have to consider only points 771 and 772 in the tube of the special 
fiber of Y). 

To use the previous description of the tempered fundamental group of Xf^^ 
and Xfj. in terms of Xg^ and Xg^ , we have to assume that 771 and 772 are over 
Berkovich points with discrete valuation. 

We will prove the following: 

Theorem 0.1 (th. 13. 5p . Let rji and 772 be two Berkovich points with discrete 
valuation fields of the Zariski open subset F^'' of Yjj where the log structure is 
trivial, and let 771 , 7)2 be geometric points above them. Let S2 ^ si be a log spe- 
cialization of their log reductions, then there is a cospecialization homomorphism 

tcmp-gcom / Tr^_ \L , tcmp-gcom / Tr^_ \L 

Theorem 3.5 will also give a simple criterion for this cospecialization mor- 
phism to be an isomorphism, based on the log structure at si and 82'- it is an 
isomorphism as soon as Mg^ Mg^ is an isomorphism (where M is the sheaf 
of monoids given by the log structure) . 

Let us come back to our moduli space of pointed stable elliptic curves with 
high enough level structure M over Ok, and let C be the canonical stable ellip- 
tic curve on M. If 771 and 7^2 are two Berkovich points of M^, they are in M^'' 
if and only if C^^ and G^^ are smooth. C — > M, endowed with their natural 
log-structures over {Ok,0'^), is a semistable morphism of log schemes. One 
thus get a cospecialization outer morphism 7rJ°'"^(C^J 7''i°'"''(^^2) ^'^^ every 
specialization S2 si, which is an isomorphism if si and S2 are in the same 
stratum of Mg. Since the moduli stack of pointed stable elhptic curves over 
Spec A: has only two stratum, one corresponding to smooth elhptic curves Mq 
and one to singular curves Mi, one gets that 'k*^'^^^{Ei)^ ~ 7r*'""''(£^2)'^ if Ei 
and E2 are two curves with good reduction or two Tate curves (the isomorphism 
depends on choices of cospecializations). Since Mi is in the closure of Mq one 
gets a morphism from the tempered fundamental group of a Tate curve to the 
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tempered fundamental group of an elliptic curve with good reduction. 

The first thing we need to construct the cospecialization homomorphism for 
tempered fundamental groups is a specialization morphism for the (p')-log geo- 
metric fundamental groups of Xg^ and that extends any (p')-log geometric 
covering of Xg-^ to a ket neighborhood of si (if one has such a specialization 
morphism, by comparing it to the fundamental groups of Xf^^ and Xfj^ and 
using Grothendieck's specialization theorem, we will easily get that it must be 
an isomorphism). This specialization morphism is easily deduced from [T^ if 
si is a strict point of Y, i.e. the log structure of si is just the pull back of 
the log structure of Y. Thus we will study the invariance of the log geometric 
fundamental group by change of fs base point. In this article, we will only use 
the case of relative dimension 1. However we will still prove it in the general 
case because a dimensional assumption would not really make the proof simpler 
and we will need it in pLO^ in higher dimensional cases. 

Then we have to construct cospecialization topological morphisms for a semistable 
curve, more precisely cospecialization morphisms of the graphs of the geometric 
fibers. This will be done etale locally. These morphisms are not morphisms of 
graphs in the usual sense, since an edge can be contracted over a vertex, but 
still give a map between their geometric realization, whence a map of homotopy 
types Uff^ — > Ufj2 . This can also be done for any ket covering of Xg^ : we thus 
get such a map of homotopy types for every (p')-covering of Ufj-^ . Those maps 
are compatible, and thus glue to give the wanted cospecialization of tempered 
fundamental groups. 



In the first section, we will recall the basic notions about tempered fundamental 
groups and define the {p') versions. We will also recall what we will need about 
graphs. 

In the second section, we will recall the definition of log schemes and log fun- 
damental groups. We will then study speciaHzation of log fundamental groups. 

Finally, in a third part, we will construct the cospecialization morphisms of 
graphs of the geometric fibers of a semistable curve. We will verify the compat- 
ibility with ket morphisms to obtain the wanted cospecialization morphisms of 
tempered fundamental groups. 

1 Preliminaries 

1.1 Tempered fundamental groups 

Let K he a complete nonarchimedean field. 

Let L be a set of prime numbers (for example, we will denote by {p') the set of 
all primes except the residual characteristic p oi K). An L-integer will be an 
integer which is a product of elements of L. 

If X C X is a X-curve, X^^ will be the X-analytic space in the sense of 



5 



Berkovich associated to X. A morphism / : S" — > of analytic spaces is said to 
be an etale covering if S is covered by open subsets U such that f~^{U) = U 
and ^ 17 is etale finite ([3]). 

For example, etale L-finite coverings {i.e. etale finite coverings such that the 
order of every connected component is an L- integer), also called h-algebraic cov- 
erings, and coverings in the usual topological sense for the Berkovich topology, 
also called topological coverings, are etale coverings. 

Then, Andre defines tempered coverings in [l] def. 2.1.1]. We generalize this 
definition to L-tempered coverings as follows: 

Definition 1.1. An etale covering S' ^ S is 'L-tempered if it is a quotient of 
the composition of a topological covering T' ^ T and of a L-finite etale covering 

This is equivalent to say that it becomes a topological covering after pullback 
by some L-finite etale covering. 

We denote by Cov*°'"p(X)^ (resp. Cov^ig(X)L, Cov*°p(X)) the category of L- 
tempered coverings (resp. L-algebraic coverings, topological coverings) of X 
(with the obvious morphisms). 

A geometric point of a i^-analytic space X is a morphism of Berkovich spaces 
A4{il) X where fl is an algebraically closed complete isometric extension of 
K. 

Let a; be a geometric point of X. Then one has a functor 

: Cov*°'"P(X)^ ^ Set 

which maps a covering S ^ X to the set S^. U x and x' are two geometric 
points, then and F^, are (non canonically) isomorphic (O prop. 2.9]). 
The tempered fundamental group of X pointed at x is 

/i"°P(X,a;)»^ = AutFj-. 

When X is a smooth algebraic /sT-variety, Cov'°'"p(X^")1^ and 7rf'"P(X^", x)"^ 
will also be denoted simply by Coy*''"'p (X)^ and 7rf'"P(X,x)^. 
By considering the stabilizers {Stahp(s-^{s))sfzcov^'="'T{x]^.seFi{S) ^ basis of 
open subgroups of tt*^"^^ {X , x)^ , Tr\'^"^^ {X , x)^ becomes a topological group. It 
is a prodiscrete topological group. 

When X is algebraic, K of characteristic zero and has only countably many 
finite extensions in a fixed algebraic closure K, tt\^"^^ (X , x)^ has a countable 
fundamental system of neighborhood of 1 and all its discrete quotient groups 
are finitely generated ([l] prop. 2.1.7]). 

If X and x' are two geometric points, then F^ and F^, are (non canonically) 
isomorphic (pi prop. 2.9]). Thus, as usual, the tempered fundamental group 
depends on the basepoint only up to inner automorphism (this topological group, 
considered up to conjugation, will sometimes be denoted simply t:\^"'^^{X)^). 
The full subcategory of tempered coverings S for which (5) is L-finite is 
equivalent to Coy'^^^{S)^, hence 

(7rf'"P(X,x)»^)*^ = ^fs(^^ 
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(where ( )^ denotes the pro-L completion). 

For any morphism X ~> Y, the pullback defines a functor Cov*''™p(Y')'^ — > 
Cov'°™P(X)'^. If a; is a geometric point of X with image y in Y, this gives rise 
to a continuous homomorphism 

(hence an outer morphism tt*^™^{X)^ 7r*'^'"''(F)'^). 
One has the analog of the usual Galois correspondence: 

Theorem 1.1 (|ll th. 1.4.5]). induces an equivalence of categories be- 
tween the category of direct sums of h-tempered coverings of X and the cate- 
gory 'K^"^^{X,x)^ -Set of discrete sets endowed with a continuous left action of 
7rJ'^'"P(X, x)^. 

If S" is a L-finite Galois covering of X, its universal topological covering 
is still Galois and every connected L-tempered covering is dominated by such a 
Galois L-tempered covering. 

If {{Si,Si))i(z-yi is a cofinal projective system (with morphisms fij : Si Sj 
which maps Si to Sj for « > j) of geometrically pointed Galois L-finite etale cov- 
erings of {X,x), let ((5*°°, s°°))igN be the projective system, with morphisms 
f^ for i > j, of its pointed universal topological coverings. Then F^{S!j^) — 
TT*^"^^ {X, x)^ / Stahpj^S'x-j{s°°) is naturally a quotient group G of n*^"^^ {X , x)^ 
for which s°° is the neutral element. Moreover G acts by G- automorphisms on 
F^{S°°) by right translation (and thus on 5°° thanks to the Galois correspon- 
dence (theorem I l.ip ). Thus one gets a morphism 7r*°™P(X, x)^ Gal{S°°/X). 
As/!^(s°°) = s°°, these morphisms are compatible with G£d{S°°/X) G£d{S^/X). 
Then, thanks to |Il lem. III.2.1.5], 



Proposition 1.2. 



is an isomorphism. 



7rpP(X,x)^ limGal(5r/^) 



In a more categorical way, we have a fibered category I?top(-'^) ^ Cov^'s(X), 
where the fiber I'top(-''^)s in an algebraic covering 5 of X is Cov*°p(X). 
Since algebraic coverings are of effective descent for tempered coverings, the full 
subcategory of tempered coverings T of X such that — > is a topological 
covering is naturally equivalent to the category DDtemp5 of descent data in the 
fibered category Ptop(^) with respect to S ^ X . 

If " lim " S'i is a a universal procovering of {X, x) , one gets a natural equivalence 

C0V'°"^P(X) = Lim DDtemps. 

' i * 

In particular one can recover the tempered fundamental group from the fibered 
category Ptop(^) ^ Coy^'HX). 

If iS ^ 5 is an isomorphism, the induced functor DDtcmpg ^ DDtomp^ is natu- 
rally isomorphic to the identity. Thus if a : " lim . " Si " lim. " Si is an auto- 
morphism of the universal pro-covering, the induced functor Lim DDtcmp5 — > 

^ i ^ 

Lim DDtomp5. is naturally isomorphic to the identity. Thus the construction 

i ^ 

does not depend of the choice of the universal procovering. 
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To give a more stacky and functorial description, let us consider Cove's (X) 
with its canonical topology. Ptop(^) is a separated prestack on Cov'^^^{X) {i.e. 
just a fibered category; it is not a prestack of groupoids). 

Let PtcmpC-'^) — > Cov'*^^(X) be the fibered category whose fiber in U is the 
category Cov*'""p([/) of tempered coverings of U. Then X'temp(-'^) is a stack. 
The fully faithful cartesian functor of prestacks Vtop{X) 2?temp(-'^) induces a 
fully faithful cartesian functor of stacks Vtop{X)'^ —>■ X'tempC-'^) where VtopiX)'^ 
is the stack associated to I?top(-''^)- Since a tempered covering is a topological 
covering locally on Cov^^'s^^)^ ^^is functor is in fact an equivalence ([H th. 
2.1.3]). 

In a simlar way, the stack (2?top(-'^)|cov='is(x)'-)'' is the stack I>tcmp(-'^)'^ of L- 
tempered coverings on Cov'*'s(X)^. 

1.2 Graphs 

A graph G is given by a set of edges £ a set of vertices V and for any e G £ a 
set of branches Be of cardinality 2 and a map i/'e : Be ^V. 
One can also equivalently replace the data of edges and branches of each edge 
by the datum of the set of all branches B = JJ^ Be, with an involution l without 
fixed points, and a map ip : B ^V. E is then the set of orbits of branches for l. 
An genuine morphism of graphs (j) : G ^ G' is given by a map (f>£ : £ ^ £' , a 
map 0v : V — > V" and for every e G 5 a bijection (pe ■ Be ^ '^fc(e) ^^^^ ^^^^ 
following diagram commutes: 

Be ^ ^0£(e) 



V ^ V 

However, the topological cospecialization for semistable curves will be given by 
maps of graphs which are not genuine morphisms. A generalized morphism of 
graphs (f) : G ^ G' will be given by: 

• a map (/)v : V ^ V, 

• a map (j)£ : £ ^ £']J V", 

• for any e € £ such that <^£(e) G £' , a bijection (j)e '■ Be ^'(t>c(e) ^^^h that 
the obvious diagram commutes (it is the same diagram as in the case of 
genuine morphisms). 

One can replace the two last data by the data of 0b : B ~* B' W^V' such that if 
(t>B{b) e B' then Miih)) = and if 0b(6) G V, 0e(4&)) = Mb)- 

In particular, a genuine morphism is a generalized morphism. There is an ob- 
vious composition of morphism of generalized morphism of graphs. 
One thus gets a category Graph of graphs with genuine morphisms and a cate- 
gory GenGraph of graphs with generalized morphisms. 

There is a geometric realization functor | | : GenGraph — > Top which maps 
a graph G to 

\G\ :=Cokcr([]pti_,npt2,, ^ Upt,n]J[l/2,l]fc), 

beB vev beB 
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where 

• the upper map sends: 

- pti ;, to 1/2 in [1/2, l]b 

- Pt2,b to 1 in [1/2, 1]6, 

• the lower map sends 

- pti^fc to 1/2 in [l/2,l],(b) 

- Pt2,b to pt^(f,). 

If (/) : G ^ G' is a generalized morphism, |(/)| is obtained by mapping 

• Pt^ to Pt^^(„), 

. [1/2, l]fc to [1/2, 1]^^(,) if Mb) e B' (by the identity of [1/2, 1]), 
. [l/2,l]fctopt^^(,) if Mb) e v. 

2 Log fundamental groups 

This part is a reminder of the theory of log schemes, as can be found in [8] and 
[12], and of the log fundamental groups, as can be found in [6] or |15) . 

2.1 Log schemes 

All monoids here are commutative with units, and morphisms of monoids map 

the unit to the unit. If P is a monoid, P^p -^^iii be its group envelope, P* the 

group of invertible elements of P and P — P/P* . 

If a, 6 e P, we will write a\b if there is c G P such that b — ac. 

A monoid P is sharp if P* = {1}. 

A monoid P is integral if the morphism P — » P^p is injective. A monoid is 
fine if it is integral and finitely generated. An integral monoid is saturated if 
a G PSP is in P if there exists n such that a" G P. 

If P is a fine and saturated monoid (or fs for short), psp/p* — p^^ is a 
free abelian group of finite type, and thus there is a (non canonical) section 
P PSP and it induces a decomposition P ^ P* (B P. 

A morphism / : P — > Q of monoids is local if f^^{Q*) — P* A morphism 
P ^ Q of integral monoids is exact if P is the inverse image of Q in P^p. 

A pre-log structure on a scheme AT is a pair (M, a) where M is a sheaf of 
monoids on X^t, and a : M {Ox, .) is a morphism of sheaves of monoids, 
where Ox is the canonical sheaf of X and . is the multiplication on Ox- A 
pre-log structure will be a log structure if the induced map a~^{Ox) Ox 
an isomorphism. A log scheme AT is a scheme (the underlying scheme X of the 
log scheme) with a log structure on it. 

The forgetful functor from log structures on X to pre-log structures on X ad- 
mits a left adjoint (M, a) i-^ {M"', a"") where is the amalgamated sum of Q 
and Ox along a~^{0'^) (this log structure is called the log structure associated 
to iM,a)). 
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A morphism of log schemes f : {X, M, a) — > {Y, N, 13) is a morphism of schemes 
f : X ^ Y with a morphism of sheaves of monoids f^^N M compatible 
with a and /3. Then f^^N — > M is necessarily a local morphism of sheaves of 
monoids. 

A log scheme X is integral if for every geometric point x of X, Mx is integral. 
If y = (y, N, 13) is a log scheme and X ^ F is a morphism of schemes, the log 
structure on X associated to {f~^N, f~^P) is called the inverse image log struc- 
ture and is denoted ,f*N. A morphism of log schemes / : {X, M. a) {Y, N, (3) 
is strict if the induced morphism f*N ^ M is an isomorphism (if X is integral, 
this is equivalent to say that N f^^^) ^ is an isomorphism for every geometric 
point X of X) . 

If P is a monoid the log structure on SpecZ[P] associated to the pre- log 
structure defined by P ^ Z[P] is called the canonical log structure. There is 
a canonical morphism SpecZ[P] — > SpecP which maps a prime ideal / of Z[P] 
to / n P. 

A (global) chart modeled on a monoid P of a log scheme X is a morphism 
from the constant sheaf Px Mx inducing an isomorphism on the associated 
log structures. This also amounts to giving a strict morphism X — > SpecZ[P], 
where Z[P] is endowed with its canonical log structure. 

If X is a geometric point, an integral chart P ^ M is exact at x (resp. good at 
x) if P ^ (rcsp. P Mg) is an isomorphism. 

A log scheme is fine (resp. fine and saturated or fs for short) if it is integral and, 
locally for the ctalc topology, it admits a chart modeled on a finitely generated 
and integral (resp. finitely generated and saturated) monoid. 
We will mainly work in the category of fs log schemes. There are fiber products 
in this category, but in general, taking the underlying scheme does not commute 
with fiber products. 

If X ^ Spec P is an fs chart and x is a geometric point of X which maps 
to p e SpecP and let F = P\p, then P induces an isomorphism 

F~^P Mx- Moreover SpecZ[P~^P] SpecZ[P] is an open embedding 
corresponding to the preimage of D{p) = {p'|p C p'} C SpecP. Thus F^^P 
induces an exact chart of a Zariski neighborhood of x. But one can then choose 
some decomposition F~^P = F^^P ® (P~^P)*, and the induced morphism 
P-iP ^ P-^P ^ Mx is a good chart at x. 

If / : X ^ y is a morphism of fine log schemes, a chart of / is given by 
a chart X SpecZ[P], a chart Y SpecZ[Q] and a morphism Q ^ P such 
that the corresponding square of log schemes commute. Any morphism of fine 
log schemes has charts etale locally. 

A morphism of fine log schemes f : X ^ Y is log smooth (resp. log etale) if 
etale locally on X and Y, f admits a chart u : Q ^ P such that the kernel and 
the torsion part of the cokernel (resp. the kernel and the cokernel) of m^p are 
finite groups of order invertible on X and X ^Y XspecZ[Q] SpecZ[P] is etale. 
There are valuative characterizations of log etale and log smooth morphisms. 
Log etale and log smooth morphisms are stable under base change and compo- 
sition. 

A morphism ft, : Q ^ P of fs monoids is Kummer (resp. L-Kummer) if h is 
injective and for every a € P, there exists an integer (an L-integer) n such that 
na € h{Q) (note that if Q ^ P is Kummer, SpecP —^ SpecQ is an homeomor- 
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phism). 

A morphism / : X ^ V of fs log schemes is said to be Kummer (resp. exact) 
if for every geometric point x of X, Myj^s) ~^ Mx,x is Kummer (resp. exact). 



2.2 Ket coverings 

A morphism of fs log scheme is Kummer etale (or ket for short) if it is Kummer 
and log etale. 

A morphism / is ket if and only if etale locally it is deduced by strict base 
change and etale localization from a map SpecZ[P] SpecZ[Q] induced by a 
Kummer map Q ^ P such that nP C Q for some n invertible on X. 
In fact if f : Y ~i X is ket, y is a geometric point of Y, and P Mx is 
an exact chart of X at f{y), there is an etale neighborhood U oi x and a 
Zariski open neighborhood V C f^^{U) of y such that V ^ U is isomorphic to 
U Xgp(,j.2;[p] SpecZ[(5] with P — > Q a L-Kummer morphism where L is the set 
of primes invertible on U ([151 Prop. 3.1.4]). 
Ket morphisms are open and quasi-finite. 

The category of ket fs log schemes over X (any X-morphism between two 
such fs log schemes is then ket) where the covering families {Ti ^ T) of T are 
the families that are set-theoretical covering families (being a set-theoretical 
covering ket family is stable under fs base change) is a site. We will denote by 
Xkct the corresponding topos. 

Any locally constant finite object of Xy^^t is representable. A ket fs log scheme 
over X that represents such a locally constant finite sheaf will be called a ket 
covering of X. We will denote by KCov(X) the category of ket coverings of 

Xkot- 

A log geometric point is a log scheme s such that s is the spectrum of a sepa- 
rably closed field k such that Mg is saturated and multiplication by n on Ms is 
an isomorphism for every n prime to the characteristic of k. 
A log geometric point of X is a morphism x : s —>■ X of log schemes where s is 
a log geometric point. A ket neighborhood C/ of s in X is a morphism s ^ U oi 
X-log schemes where U X is ket. Then if x is a log geometric point oi X , the 
functor Fx from Xkct to Set defined by i-^ lH5t/ -^i^) where U runs through 
the directed category of ket neighborhoods of a; is a point of the topos Xket and 
any point of this topos is isomorphic to for some log geometric point and 
they make a conservative system. 

One also defines the log strict locaHzation X{x) to be the inverse limit in the 
category of saturated log schemes of the ket neighborhoods oi x. li x and y are 
log geometric points of x, a specialization of log geometric points x ^ y is a 
morphism X{x) X{y) over X. 

A specialization x ^ y induces a canonical morphism F^ — > Fy of functors. 
If there is a specialization x ^ y of the underlying topological points, then there 
is some speciaHzation x ^ y oi log geometric points. 

If X is connected, for any log geometric point x of X, F^ induces a fundamental 
functor KCov(X) fSet of the Galois category KCov(X). 
One then denotes by 7rJ°®(X, x) the profinite group of automorphisms of this 
fundamental functor. 
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Strict etale surjective morphisms satisfy effective descent for ket coverings 
(O prop. 3.2.19]). 

If / : 5" ^ S' is an exact morphism of fs log schemes such that / is proper, 
surjective and of finite presentation, then / satisfies effective descent for ket 
coverings ([151 th. 3.2.25]). 

Theorem 2.1 (pi th. 7.6]). If X is a log regular fs log scheme, and all the 
primes ofh are invertible on X , then KCov(X)^ — » Cov'*'^(Xtr)'^ is an equiva- 
lence of categories (16, th. 7.6]). 

Theorem 2.2 ( |13l cor. 2.3]). Let S be a strictly local scheme with closed point 
s, and let X be a connected fs log scheme such that X is proper over S. Then 

KCov(X) KGov{X,) 

is an equivalence of categories. 

Let Ok be a discretely valuated ring endowed with its natural log structure 
and let L a set of prime numbers invertible in Ok- Let X SpecO_R- be a 
proper and log smooth morphism and let U := Xtr C X^. Thus, there is a 
natural equivalence of categories KCov(Xs)'^ ~ Gov't's (t/)'^. 
Thanks to [9l prop. 1.15], any algebraic covering of Ufj is already defined over 
a tamely ramified extension of K, and thus we get: 

Theorem 2.3. There is a natural equivalence of categories 

KCoVgeomlX.)"^ ^ C0V^'S([/_)L 

li q : X ^ Y is kuh, q* : Ikct ^ -'^kct is an equivalence of categories ( [TBI 
th. 0.1]) 

2.3 Saturated morphisms 

A morphism of fs monoids P Q is integral if, for any morphism of integral 
monoids P — > Q', the amalgamated sum Q (Bp Q' is still integral. 
A integral morphism of fs monoids P ^ Q is saturated if, for any morphism of 
fs monoids P Q' , the amalgamated sum Q 0p Q' is still fs. 

A morphism f : Y X oi is log schemes is saturated if for any geometric 
point y of Y, Mxj(y) My.y is saturated. 

If F ^ X is saturated and Z ^ X is a morphism of fs log schemes, then the 
underlying scheme oi Z Xx Y is Z x Y . 

If P ^ Q is a local and integral (resp. saturated) morphism of fs monoids 
and P is sharp, the morphism SpecZ[(3] SpecZ[P] is fiat (resp. separable, 
i.e. fiat with geometrically reduced fibers, cf. \T2\ cor. 4.3.16] and 12 rem. 
6.3.3]). 

Let f : X ^ Y he log smooth and a; be a geometric point of X. Etale lo- 
cally on Y, there is a good chart Y SpeeP at y. Then, thanks to [3 
prop. A. 3. 1.1], there is etale locally at a; a chart P ^ Q of Y ^ X such 
that Y — > SpecZ[(3] X2,[p] X is etale and X SpecQ is exact at x. Thus if 
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/ is integral (resp. saturated), P ^ Q is a local and integral (resp. saturated) 
morphism of fs monoids and P is sharp. Thus / is flat (resp. separable). 

If P Q is an integral morphism of fs monoids, there exists an integer n 
such that the pullback P„ Q' of P ^ Q along P A P = P„ is saturated 
(theorem HI A.4.2]). 

Moreover if P ^ Q factors through Qo such that P Qo is saturated and 
Qo ^ Q IS L-Kummer, n can be chosen to be an L-integer. 



2.4 Semistable log curves 

Definition 2.1. A morphism X — > S" of fs log schemes is a semistable log curve 
if etale locally there is a chart S Spec P on S" such that one of the following 
is satisfled: 

• X ^ S is a strict smooth curve, 

• X ^ S factorizes through a strict etale morphism X ^ S Xgp(,(,2;[p] 
SpecZ[(3] with Q = (P® < u,v >)/u + v = p, 

• X S factorizes through a strict etale morphism X ^ S Xgp(,cz[p] 
SpecZ[P®N]. 

A semistable curve is strictly semistable if etale locally on S, there are such 
maps locally for the Zariski topology of X. 

A semistable curve is a log smooth and saturated morphism. 
Being a semistable curve is in fact equivalent to being a log smooth and satu- 
rated morphism purely of relative dimension 1. 

The underlying morphism of schemes X S is a semistable curve of 
schemes. In particular, if is a point with separably closed field, one can 
associate to A" a graph G{X) in the following way: the vertices are the irre- 
ducible components of Xg, the edges are the nodes. The two branches of a node 
e abut to the irreducible components that contain e (this graph does not depend 
of the log structure). 

If X ^ S" is a proper semistable curve and X' ^ X is a ket covering. Then 
for any log geometric point s of S, there is a ket neighborhood U of s such that 
X'jj ^ U is saturated. Then X^ ^ U is also a semistable curve. 
The morphism Xg Xg induces a genuine morphism G{Xs) G{Xs) of graphs. 

If X is a complete nonarchimedean field with separably closed residue field. 
Ok is its ring of integers and X Ok is a proper semistable curve with smooth 
generic fiber, there is a canonical embedding |G(Ar)| X^^ which is a homotopy 
equivalence. It is compatible with any isometric extension of K. 
Moreover, if U is any dense Zariski open subset of X^, \G{X)\ is mapped into 

and |G(-'^)| — *■ f/™ is still a homotopy equivalence. 
If X ^ Ok is a semistable log curve and X' X is a ket morphism such that 
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X' is still a semistable curve, the following diagram is commutative: 

\<G{X')\ ^ X7 

i i 
\G,{X)\ Xfl' 

2.5 Specialization of log fundamental groups 

Let us study specialization of log geometric fundamental groups (that is the 
projective limit of the log fundamental groups after taking ket extensions of the 
base log point). Our main result will be the invariance of the log geometric fun- 
damental group of an fs log scheme X saturated and of finite type over an fs log 
point S with separably closed field by fs base change that is an isomorphism on 
the underlying scheme. The assumptions implies that our base change induces 
an isomorphism of underlying schemes. Working etale locally on this scheme, 
we are reduced to the case where this scheme is strictly local and henselian, 
where the log geometric fundamental group can be explicitly described in terms 
of the morphism of monoids M x Ms- 

Combining this base change invariance result with strict base change invariance 
of the (p')-\og geometric fundamental group and strict specialization of the {p')- 
log geometric fundamental group (|13jl. we will get that if X ^ is proper 
log smooth saturated morphism, and S2,si are fs points of S and S2 si is 
a cospeciaHzation of log geometric points of S over S2 and si, then there is a 
specialization morphism 7rJ^°®~^°°™ (X^^ ) 7rJ^°®~^°°'"(Xsj) (this is the only result 
we will really need in the following). 



Lemma 2.4. Let s' ^ s be a strict morphism of log points such that s' and 
s are geometric points of characteristic p. Let X ^ s be a morphism of fs log 
schemes such that X ^ s is of finite type. 

Then F : KCov(X)(p') ^ KCov(Xy)(p') is an equivalence of categories. 

Proof. If T is a connected ket covering of X, T s' ^ T s' is an isomor- 
phism since s' ^ s is strict. T xj s' is connected too, so we get that the functor 
F is fully faithful. 

As one already knows that F is fully faithful for any X, and as strict etale sur- 
jective morphisms satisfy effective descent for ket coverings, one may prove the 
result etale locally, and thus assume that X has a global chart X SpecZ[P]. 
Let S" be a ket covering of Xg'. Then there exists a (p')-Kummer morphism of 
monoids P ^ Q such that 

S'q := S' XspocZ[p] SpecZ[(3] -> Xs'^q := Xs' XspocZ[p] SpecZ[(3] 

is strict etale (and surjective). 

But, since Xgi^q Xq x§ s' is an isomorphism of schemes, Cov^^^ {X s' ^q) — > 
Cov^'s(Xq) is an equivalence of categories ([HI cor 4.5]). Thus, there is a strict 
etale covering Sq of Xq (and thus S'g ^ X is a ket covering) such that Sq is 

Q-isomorphic to S'g x^ s'. 
Thus F was an equivalence of categories. □ 

Let X s he a morphism of fs log schemes, where s is an fs log point. Let 
a; be a log geometric point of X and let s be its image in s. 
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Then we define the log geometric fundamental group of X at x to be 

7rl°s™(X/s,x) = Ker(7rl°S(x,.T) ^ n'°^s, s)). 

If {t,t) {s,s) is a Galois connected pointed ket covering of (s,s), one defines 
Xt = X Xgt and Xt = {x,t). 
Then one has an exact sequence: 

1 ^ 7r'^^{Xt,Xt) ^ 7rl°s(X,S) ^ Gal(Vs), 

and the right map is onto if Xf is connected (we will say that X is log geomet- 
rically connected if Xi is connected for any connected ket covering t of s) . 
By taking the projective limit of the previous exact sequence when {t, t) runs 
through the directed category of pointed Galois connected coverings of (s, s), 
one gets a canonical isomorphism 7rJ°^'*''°™(X/s, ir) = lim 7rJ°^(Xt, Sj). 

Actually, if f ^ t is the reduced subscheme of t endowed with the inverse image 
log structure, the map TT^^^{X^,xt) TT^i^{Xt,Xt) is an isomorphism, so that 
one can replace Xf in the previous projective limit by X^. 

If one has a commutative square of pointed fs log schemes: 

{X',x')^{X,x) 

(s',s') > (s,s) 

where s' and s are log points, one gets a commutative diagram of profinite 
groups: 

n'r'{X',x') -7rl°^(X,S) 

7rl°^(s',s') -7ri°S(s,s) 

By taking the kernel of the vertical arrows, one gets a map 7rJ^°^'*'^°™(X'/s', x') —>■ 
7rJ°^'^'*°™(X/s, S), which is functorial with respect to {(t),ip). 
One also has, by definition of the universal pro-pointed covering of {s',s'), a 
canonical morphism of pro-(s', s')-pointed ket covering 

lim {t',i') limV*(i,i) 
{t',i') {t,i) 

(where {t' , V) runs through pointed Galois connected ket coverings of (s', s') and 
{t,T) runs through pointed Galois connected ket coverings of (s,s)), and thus a 
morphism of pro-pointed fs log schemes 

lim {t',i') lim(f,f). 

(«',«') (f,t) 

This induces a morphism of pro-pointed fs log schemes 

lim(Xj,,Xj,) -» \]m.{Xt,Xt), 



15 



hence a map of profinite groups 

lim 7rl°8 {X[, ,x',,)-^ lim t?^^ {Xt ,Xt), 
such that the following square of profinite groups is commutative: 



7ri°e-s™°'(x7s', x') ^ <«"(X/s, x) 

Let now s' ^ s be a morphism of fs log points, such that the underlying 
morphism of schemes s' ^ s is an isomorphism of geometric points, and let 
X — > s be a saturated morphism of fs log schemes with X noetherian and X s 
(geometrically) connected. Since X — > s is saturated, it is log geometrically 
connected. 

Let x' be a log geometric point of X' = X s' and let x, s' and s be its image 

in X, s' and s respectively. 

We have a commutative diagram 



Theorem 2.5. The map Tr\°^-^''°'^{X' /s' ,x') ^ 7r\°^-^''°'^{X/s,x). is an iso- 
morphism. 

Proof. Let (si,Si)ig/ be a cofinal system of pointed Galois connected ket cov- 
erings of (s, s) (and let Si be the reduced subsclicmc of Si endowed with the 
inverse image log structure). Let us write {Xi,Xi) = {X Xg Si,x Xg Si). 
Let {s'ps'j)j^j be a cofinal system of pointed Galois connected ket coverings 
of {s',s') (and let s'j be the reduced subscheme of .s^ endowed with the inverse 
image log structure. Let us write {Xj,Xj) = {X Xg' s'^x' Xg/ s'^). 
One has to prove that 

lim7ri°8(X;.,i;.) ^ lim7ri°8(Xi,Xi) 

3 i 

is an isomorphism. 

If Y is an fs log scheme, ey : Yket ^et denotes the usual morphism of topoi 
from the ket topos of Y to the etale topos of the underlying scheme of Y. 
Si has the same underlying scheme as s,so Xi ^ X is an isomorphism of schemes 
since X ^ s is assumed to be saturated. For the same reason Xj X', which 

is itself isomorphic to X. 

More precisely, for any i there is jo such that for i > i' and j > j' > jo, one has 
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a 2-commutative diagram: 




where all the morphisms of schemes of the bottom square are isomorphisms. 
If G is a finite group, one thus has 2-commutative diagrams of stacks over Xet: 



ex,* Torsx,, ,,,(G) ^ e^,* Torsx..,,, (G) 

More precisely, let us write IJ = / ]J J endowed with the partial order such 
that: 

• the restriction of the partial order to / (resp. J) is the usual one, 

• if i G / and j € J, then « < j if and only if there exists a (necessarily 
unique) morphism of pointed fs log schemes {s'j, s'j) (si, Si) that makes 
the square 

I I 

commutative, 

• if j e J and i G /, then j ^ i. 

Let us also denote by IJ the corresponding category. Then one has a fibered 
category over /J°p x Xct, whose fiber in (i, U) is exi* TorsXi k6t(^)(f^) ^^'^ the 
fiber in (j, U) is e^u Torsxj (G)(f/). 

By taking the inductive limit over i G /, which is directed, one gets, according 
to [U 1. 1.10], a fibered category over X^t whose fiber in U is Lim ej^^ Torsj^ (G)(C/); 

let us denote by Lim e^,^ Torsj^, ^.^ (G) the stack associated to this fibered cat- 
egory (and we do the same for X' and J). 

Since X is assumed to be ncetherian (and thus X^t is a coherent topos), the func- 
tor from Lim Tors(G, X' to the category of global sections of Lim ex'*Torsx' , (G) 

is an equivalence of categories. Moreover 

Lim Tors(G, X'^ ^-J ~ Lim Tors(G, n°^{X'^,x'j)-Set) ~ Tors(G, liimr^°^{X'^,x'j)-Set). 
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The 2-commutative diagrams induce a morphism of stacks: 



Lim ex'* Torsx' , , (G) ^ Lim ex;* Torsx^ k6t(G) (1) 

We thus have to prove that |(T]) is an equivalence of stacks, which can be 
proved on the fibers (since has enough points; [H cor. III. 2. 1.5. 8]). This 
does not depend on the base points anymore (we thus may forget those, so that 
we may use the notations again to denote other points). 

Let a:; be a point of Xet , x' a point of X^.^^ above x with image x in Xkct , and 
let Vx be the category of etale neighborhoods of x in X. Then one has (by 
coherence of the morphism of topoi ex^, as in p31 dem of 2.4]): 

Lim Lim ex.*Torsx.,,,(G)(C/) = Lim Lim ex.* Torsx, ,,,(G)(C/) 

* U£V^ ► i ' > i > (7GKc 

= Lim Tors(G,X(x)i.k6t) 

= Tors(G, lim. 7rj^°^(X(a;)i_kct, a; x Si) — Se 

and one has a similar result for X' . 
One thus only have to prove that 

\m\T:^°^{X'{x)jX(,t,x' Xs' Sj) lim7ri°^(X(a;)i,k6t, ^ Xs Si) 

j i 

is an isomorphism. 

We are thus reduced to the case where X is & strictly local, noetherian and 
henselian scheme. But then ( |15} prop. 3.1.11]), for X a strictly local, noetherian 
and henselian scheme, 

lim^7ri°S(X,,kct,x Xjs,) = lim^Hom(M^P,Z(p')) 

= Hom(lim.M|P,Z(p')) 



= Hom(Coker(Mf ^ Mx ), Z(p')), 
and one has a similar result for X' . 

But Coker(Mf ^ M^f ) ^ Coker(M°r ^ M^f,) is an isomorphism. 

One thus gets the wanted result. □ 

Let us assume now that (s', s') (s, s) is simply assumed to be a morphism 
of log points, that F ^ s is a saturated morphism and that X ^ Y is a ket 
morphism with X of finite type over s. 

Corollary 2.6. The map of profinite groups 

7rl°s-g<=°"'(x/s,x)(f') ^ TT\°^-^'°"'iX'/s',x')^P"^ 
is an isomorphism. 

Proof. By replacing s (resp. s') by the closed reduced subscheme of a connected 
ket covering of s (resp. s'), one can assume that X ^ s is saturated (X — > s 
will still be of finite type). 

If {t, t) (s, s) is a strict etale covering, then ■K^°^~^''°™{Xt/t, xt) 7rJ^°^~^°°™(X/s, 
is an isomorphism. Thus, by writing sq for the separable closure of s and by 
taking the projective limit over pointed strict etale coverings (since t:^°'^{Xs^) — 
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limn°^{Xt), where t runs through pointed strict etale coverings of s), one gets 

that TT^°^~^°°™{Xsg/so,xo) — > TT^i^'^"^""^ {X / s , x) is an isomorphism. 
One thus may assume that s and s' are geometric points. 

Let us consider the fs log scheme s" whose underlying scheme is s' and whose 
log structure is the inverse image of the log structure of s. 
Thus, one has morphisms s' — > s" — >• s, where s' s" is an isomorphism on the 
underlying schemes and s" ^ s is strict. 

But according to lemma [131 7rl°*^(X^")^^'' ^ 7rl°'5(x)(p') and t?°^ [s" )^p"^ -> 
7r'°^(s)'^P ^ are isomorphisms. Thus, 

7rl°s-g™'°(X,,Vs") ^ 7r'°s-s™'"(X/s) 

is an isomorphism. 

By EH 7rl°s-s<=°"'(x,,/s') 7ri°s-g-'°(X,,Vs") is also an isomorphism. □ 

Recall that if S" is a strictly local scheme with closed point s and X is a 
connected fs log scheme such that X is proper over S, then 

KCov(X) KCov(Xs) 

is an equivalence of categories (theorem 12. 2p . 

Let X ^ 5 be a proper and saturated morphism of log schemes, and let F — > X 
be a ket covering. Let s and s' be two points of S and assume that one has a 
specialization s' ^ s (where s and s' are some log geometric points over s and 
.'). 

Let Z be the strictly local scheme of S* at s endowed with the inverse image 
log structure, and let z be its closed point, endowed with the inverse image log 
structure. 

One has the following arrows (defined up to inner homomorphisms): 

^l°s-s™"^(y,/s)(p') ^ 7ri°s-s™"'(i;/^)(p') £i t}°^-^^°'^'(Yz / Zf^'^ ^ t}°^-^^°'^\Y,, / s')^^'^ 

where the first two homomorphism are isomorphisms according to corollary [53] 
and theorem 12.21 

Corollary 2.7. One has a specialization morphism 
that factors through ^"^"^^'"(y^/^)^^'^ 

3 Cospecialization of tempered fundamental groups 

3.1 Topological cospecialization of semistable curves 

Let / : X ^ y be a semistable curve, and let ?/2 ^ j/i be a specialization of 
geometric points of Y . In this section we will define a cospecialization map of 
graphs G{Xy^) ^{Xy^). 
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Lemma 3.1. Assume Y is strictly local of special point yi, and X strictly 

semistable. Let x he a node or a generic point of Xy^. Then X{x)y^ is either 
contained in the smooth locus of a geometrically irreducible component F{x) of 
X[x)y^ or contains a single node F{x) of X(x)y^, which is rational. 

Proof. By replacing Y by a closed embedding, one can assume that 2/2 is the 
generic point of Y and Y is integral. 

(i) If X is in the smooth locus of Xy,^, X —> Y is smooth at x, and X{x)y2 is 
geometrically connected by local 0-acyclicity of smooth morphisms. 

(ii) If a; is a node, one can assume that Y = Spec A and / factorizes through 
an etale morphism X SpccS with B = A[u,v]/uv — a and a{yi) — 0. 
If a = let Z = X XspccS Spec A where g : B ^ A is defined by 
g{u) = g{v) = (this is the closed subscheme of X defined by the node; 
in particular Zy^^ is the union of all the nodes of Xy^ ) . Z ^Y is etale and 
thus Z{x) ^ F is an isomorphism. Thus Z{x)y^ is just a rational point 
F{x). 

□ 

Since F{x) is geometrically irreducible, we will also write -^(a;) for the cor- 
responding irreducible component or node of Xy^ . 

If (/) : X' — > X is a finite open morphism of strictly semistable curves over Y 
which maps nodes to nodes on every fiber, then 4>F' = F(j). Indeed 4>{x) is in the 
closure of 4>F'{x), thus F(j)(x) is in the closure of (j)F'{x). One only has to prove 
that if F(j){x) is a node, then (f)F'{x) is also a node. Let us assume that F4>{x) 
is a node of Xy^. Let zi and Z2 be the two generic points of the irreducible 
components of Xy.^ whose closures contain F(f){x) (and thus also (i>{x)). Since (j) 
is open, there exists z[ and Z2 in X{x)y.2 such that 4>{z'^) = Zi and (jfizl^) = Z2. 
ThusX( x)y2 cannot be in a single irreducible component of Xy^, and thus F'(^x) 
is a node of Xy^. By assumption, (f)F'{x) is a node of Xy^. 

Corollary 3.2. There is a unique generalized morphism of graphs 

i,:G{Xy,)^Q{Xy,) 

which is 

• functorial for etale morphisms X' —>■ X , 

• compatible with base change Y' — > Y, 

• such that if f : X Y is strictly semistable and Y is strictly local with 
special point yi, '^^{x) = F{x) for any node or generic point x. 

Proof. Let f : X ^ Y he & strictly semistable curve, and let y2 — > yi be a 
specialization of geometric points of Y. 

One can then construct ipx/Y ■ '^{^yi) ~^ '^(-''^^2) by replacing Y by its strict 
localization at j/i and letting tpix) := F(x). Obviously if b is a branch of e in 
G(Xyj) that abuts in v, V(e) C ^^{v), whence il}{h) (which is well defined since 



20 



Xy^ is strictly semistable). 

This morphism is clearly compatible with etale morphisms of strictly semistable 
curve. 

Thus if X ^ y is now a general semistable curve, one choses an etale 
covering family X' ^X, and let X" =X' XxX'. 
One has a commutative diagram: 

GiXl) ^ G(X^^J ^ G{Xy,) 

I i 

There is a unique generalized morphism of graphs ip : G{Xyj^) —^ G{Xy2) making 
the diagram commutative. □ 

The cospecialization generalized morphisms of graphs are also compatible 
with finite open morphisms of strictly semistable curves that maps nodes to 
nodes fiberwise. 

We want to know when this generalized morphism of graphs is an isomor- 
phism. 

Proposition 3.3. If ^ : G{Xy^) —>■ G{Xy2) is a genuine morphism of graphs 
and f is proper, then is an isomorphism. 

Proof. One may assume Y = Spec^ to be strictly local and integral with spe- 
cial point yi and generic point y2- 

The assumption means that etale locally on the special fiber (and thus on X by 
properness), X is isomorphic to Spec A[u,v]/uv or is smooth. 

Let Z C X he the non smooth locus of X — > y, endowed with the reduced 

subscheme structure. Z ^ Y is etale (as can be seen etale locally over X), and 
proper. One thus gets that F induces a bijection between nodes of Xy^ and 

Let X be the blowup of X along Z. When X = Spec A[u,v]/{uv), Z is defined 
by the ideal generated by u and v, and X — Spec ]J Spec A [w]. 
Thus_by looking etale locally over X, one sees that X is smooth over Y, and 
that Xy is simply the normalization of Xy. 

Since we assumed X ^ Y to be proper, X ^ Y is smooth and proper, thus 
its Stein factorization induces a bijection between the connected components of 
and Xy^ , and thus the map between the irreducible components of and 
Xy^ is a bijection too. □ 

Proposition 3.4. Let f : X ^ Y be a log semistable curve, and y2 yi is a 
specialization of log geometric point. 

Assume My.^ — > My^ is an isomorphism. Then ip : G(Xy-^) G{Xy2) is a 
genuine morphism of graphs. 

Proof. One can assume Y to be strictly local, integral with generic point y2- 
Y = Specj4, with a chart P — > A. 
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To show that it is a genuine morphism, one only has to prove that V'(e) is 
an edge if e is an edge of G{Xy-^). This is not changed by an etale morphism, 
so that one can simply assume X — Spec^ ®z[p] with Q — (P© < u,v > 
)/{u + v — p) and p & P, such that the image oip in My^ is not invertible. Thus 
the image of p in Mg^ is not invertible and thus X = Spec A[u,v]/ {uv = 0), 
which gives the wanted result. 

□ 

3.2 Topological cospecialization and ket morphisms 

Let f : X ^ Y he a proper log semistable curve. Let j/2 ^ yi be a specialization 
of log geometric points. 

Let 5*0 Xy^ be a log geometric ket covering. 

Then it extends to a ket neighborhood U of yi in a ket covering S Xu. After 
further ket localization, one may even assume S Xu to be a log semistable 
curve. 

Thus one can use corollary 13.21 and get a generalized morphism of graphs 
'^{^vi) ~^ '^{^92)- It does not depend on the choice of C/ or 5 since any two 
extensions of 5*0 to a ket neighborhood of yi are isomorphic over a smaller ket 
neighborhood and this isomorphism is unique up to further ket localization. 
If ^ So is a ket covering, the following diagram is commutative: 

If My.yi MY,y2 is an isomorphism, Mu^y^ Mu,y2 is still an isomorphism, 
so that one can still apply proposition 13.41 to S. 



3.3 Cospecialization of tempered fundamental groups 

Let assume p ^ L. Let Y Ok be a morphism of fs log schemes and X ^ Y 
be a proper log semistable curve. 

Let Itr (resp. U) be the open locus of Y (resp. X) where the log structure is 
trivial (Itr C Y;,). Let 2} be the completion of Y along its closed fiber. 
Let y — ^rjCi Y^'^, this is an analytic subdomain of 

Definition 3.1. Pt'^"(F) is the category whose objects are the geometric points 
y oi y such that 7i(j/) is discretely valued (where y is the underlying point of 
y) and Hompjan^y-) (y, j/') is the set of ket specializations in Yfc from the log 
reduction j/s of y to the log reduction y'^ of y'. 

Theorem 3.5. For any morphism j/2 yi in Pt™(y), there is a cospecializa- 
tion morphism 

which is an isomorphism if My^^ My^ ^ is an isomorphism. 
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Proof. Let 2/2 yi be its image in Pt™(y). 

There is a 2-commutative diagram of cospecialization functors: 

KC0Vgeom(Xsi J"^ ^ KC0Vgeo,„(Xj^, 
i i 

The vertical arrows are equivalences ([9, prop. 1.15]) and the bottom arrow 
too (O XIII.2.10]). 

There are also pointed versions of these equivalences. 

Let Si^s be a log geometric ket covering of Xy-^ ^ and let 82,3 (resp. Si, S2) be 
the corresponding covering oi Xy^^ (resp. Uy^, Uy^). 

There are maps (functorially in S): 

\SZ\ ^ \<G{Si.s)\ ^ \'G{S2.s)\ -> \SZ\ 

where the first and third map are the embedding of the skeleton of an anlytic 
curve. They are homotopy equivalences. 

One thus get a morphism of homotopy types jS"™ | functorially in S. 

One thus gets a functor of fibered categories: 

i i 

Cove's (C/j^Ji- ~ CoM^'^^iUy,)^ 
This induces a functor of associated stacks: 

■^tcmp ( f^y2 ) ^ ^tcmp(^yi) 

i i 

Cove's (C/^Ji^ ~ CoM^'^^iUy,)^ 
By taking the global sections one gets a functor: 

Cov*<='"P(;7j^J^ ^ Cov*™P(f7j^J)^. 
It induces a cospecialization outer morphism of tempered fundamental groups 

□ 
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